The displacement ratio method requires the total energy release rate, bimaterial parameters, and relative crack surface displacements as input. Details of generating the energy release rates, defining bimaterial parameters with anisotropic elasticity, and selecting proper crack surface locations for obtaining relative crack surface displacements are discussed in the paper. Even though the individual energy release rates are nonconvergent, mesh-sizeindependent stress intensity factors can be obtained. This study also finds that the selection of reference length can affect the magnitudes and the mode mixity angles of the stress intensity factors; thus, it is important to report the reference length used with the calculated stress intensity factors.
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, are also expected to be independent of mesh size. Once the mode mixity angles are determined, the total energy release rate can be used to define the mixed mode failure criterion. The objective of this paper is to demonstrate that mesh-size-independent stress intensity factors are obtainable and can be efficiently computed for delamination cracks in FMLs. The stress intensity factors are computed with the displacement ratio method developed by Sun and Qian. 7, 8 The inputs for the displacement ratio method are the total strain energy release rate, material parameters from anisotropic elasticity, and the near-tip relative crack surface displacements.
This paper consists of four major sections. Section II describes background information related to the definition of the stress intensity factors, the explicit relationships between the near-tip stress fields and the stress intensity factors, and the explicit relationships between the displacement fields and the stress intensity factors. The Stroh formalism 9 of anisotropic elasticity used in establishing these relationships is given in the Appendix. The displacement ratio method for obtaining individual modes of stress intensity factors 7, 8 is introduced next in this section. At the end of this section, a mixed mode fracture criterion is given to set the critical condition for an interfacial crack to propagate. In Section III, the stress intensity factors for delaminated FMLs subjected to the opening mode loading and the in-plane tensile loading are computed. Finite element models of FMLs with interfacial cracks are created and analyzed to provide the nodal forces and displacements needed for the Virtual Crack Closure Technique (VCCT) 10 to obtain the energy release rates. The relative crack surface displacements and the total energy release rates are then used for the displacement ratio method to compute the stress intensity factors. Lessons learned such as how to avoid a potential pitfall in using the displacement ratio method and how to properly present the stress intensity factors are also given. Finally, Section IV gives concluding remarks and summarizes the findings of this study.
II. Background Information
In this section, relevant equations for computing the stress intensity factors for interfacial cracks in composite materials presented in Qian and Sun's paper 8 are summarized. These equations are used for defining stress intensity factors, characterizing the near-tip stress and displacement fields, and presenting the displacement ratio method. All materials presented in this section can be applied for investigating the interfacial cracks in FMLs.
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A. Stress Intensity Factors Definition
The stress intensity factors definition for interfacial crack between two dissimilar anisotropic materials proposed by Hwu 11 and Wu 12 is used in this study. For generalized plane strain problems, such as the representative FML under an opening mode loading shown in Fig. 2 , in which the strains are independent of the coordinate 3 x , the stress intensity factors can be expressed as 
where the angular bracket . represents a 3x3 diagonal matrix. α ε ( α =1,2,3) are constants related to the oscillation index ε (see Appendix), and is the eigenvector matrix associated with an eigenequation, Eq. (A18), established by using the Stroh formalism 9 as discussed in the Appendix. is an arbitrary chosen reference length parameter. [11] [12] [13] Stress intensity factors obtained for one reference length parameter can be easily converted to another reference length parameter 8 . For example, if the reference length parameter is chosen to be the crack length , stress intensity factors for another can be obtained by
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The stress intensity factors defined in Eq. (1) have the following properties: 1. The units of the stress intensity factors, ( psi in × ), are consistent with the conventional stress intensity factors. 2. The stress intensity factors defined can be reduced to the classical stress intensity factors for a crack tip in homogeneous material. 3. When the applied load is scaled by a factor, all intensity factors increase by the same factor. 4.
II K ,
I
K , and III K represent the intensity of singularity in the directions of 1 x , 2 x , and 3 x , respectively. 11 5. Unlike the energy release rates computed by the VCCT, the stress intensity factors for interfacial cracks are convergent and not dependent on the virtual crack extension length (mesh size) a Δ . Due to the multiplication of ( ) 
B. Characterizing Near Tip Fields
Based on the stress intensity factors defined in Eq. (1), Hwu 11 found that the near-tip stresses and the near-tip relative crack surface displacements for an interfacial delamination crack can be expressed as 12 1 22
and
Based on the material parameters presented in the Appendix, the near tip stresses in Eq. (3) for interfacial cracks in laminated composites can be explicitly written as where ε is the oscillation index defined in the Appendix.
C. Displacement Ratio Method for Mode Separation
The displacement ratio method 7,8 is based on the total energy release rate and the ratios of the near-tip crack surface displacements, obtained from finite element analysis results, to compute the stress intensity factors. The total 
The total energy release rate equation is established by using the tip stresses and displacements in Eqs. (5) and (6) 
For brevity, the explicit expressions of coefficients , , and 
The stress intensity factors can be obtained very efficiently by the displacement ratio method because the inputs for the displacement ratio method, the total energy release rate and the relative crack surface displacements, can be provided by a single finite element analysis.
D. Failure Criterion
The ratios of individual stress intensity factors, obtained by the displacement ratio method, are used to define the mode mixity angles 12 ψ and 13 ψ . Here, The critical condition for an interfacial crack to propagate can be given by a mixed mode fracture criterion
where is the critical energy release rate (fracture toughness) that needs to be determined experimentally. Several specimens are available for this purpose such as the tensile sandwich test specimens 15, 16 and the four point bend specimens. 
III. Stress Intensity Factors for Interfacial Cracks in FMLs
FMLs with delamination cracks were analyzed to demonstrate that mesh-size-independent stress intensity factors can be easily and efficiently obtained by the displacement ratio method. Finite element analyses were performed to obtain the relative crack surface displacements and the nodal forces needed for using VCCT to compute the total energy release rate. These relative crack surface displacements and the total energy release rates are then used in the displacement ratio method to compute the stress intensity factors. Two FML configurations were used in this study. The first one, studied in Section III.A, is a representative fiber metal laminate with an interfacial delamination between metal and fiber layers, and the second one, studied in Section III.B, is a CentrAL-like FML with multiple interfacial delaminations.
The first FML configuration subjected to an opening mode loading was designed to test whether mesh size independent stress intensity factors can always be obtained for interfacial cracks in FMLs. Plane strain analyses using ABAQUS © 2D elements were performed for models with principal material directions aligned with the specimen's 1 x and 3 x axes (see Fig. 3 ) and generalized plane strain analyses using ABAQUS © 3D elements were performed for models with principal material directions not aligned with the axes. The second FML configuration subjected to an in-plane tensile loading was designed to investigate the variations of stress intensity factors with delamination locations in a CentrAL-like FML with multiple interfacial delaminations under an in-plane tensile loading. The effects of the reference length parameter in stress intensity factors and mode mixity angles were also investigated. These computed stress intensity factors and mode mixity angles could be used in the interfacial failure criterion in Eq. (9) to determine the interfacial crack propagations.
Material properties for the fiber and the aluminum layers of the FMLs are listed in Table 1 . These properties are obtained from Ref. 19 . 
A. Representative Fiber Metal Laminate under Opening Mode Loading
A representative fiber metal laminate with a delamination under an opening mode loading shown in Fig. 2 was analyzed to demonstrate that mesh-size-independent stress intensity factors can be computed using the displacement ratio method. The delamination is located at the interface between the upper aluminum part and the lower four-layer Glass/Epoxy part. 4 ]. Only linear analyses were performed in this study. The thickness of the aluminum is 2.0 in. and the thickness of each fiber layer is 0.5 in. to assure high bending stiffnesses for both crack flanks to avoid geometrically nonlinear deformations. The delamination crack length is 10 in. and an equal and opposite vertical load P of 100 lb/in (distributed load in 3 x direction) is applied at the left end of each crack flank. The right end of the model is fixed. Plane strain and generalized plane strain finite element models, using ABAQUS © CPE8 and C3D8I elements, respectively, were created and analyzed with ABAQUS © /Standard. 20 Plane strain models using 2D CPE8 elements were created for FMLs with [0 4 ] and [90 4 ] Glass/Epoxy lay-ups, and generalized plane strain models using 3D C3D8I elements were created for all seven types of Glass/Epoxy layups to properly input the off-axis Glass/Epoxy material properties. The VCCT is used to obtain the energy release rates. The total energy release rate, obtained by summing the individual mode of energy release rates, is then used in the displacement ratio method for calculating the stress intensity factors.
Plane Strain Finite Element Analyses
Four plane strain finite element models, representing three different crack tip mesh sizes, = 0.0125, 0.025, 0.05, and 0.1 in., were created (see the inset in Fig. 3 The finite element model with fiber in the 0-deg direction is shown in Fig. 3 . The energy release rates, obtained by the VCCT, for the models with glass fibers in the 0-deg direction are plotted in Fig. 4 . The opening mode energy release rate I G and the sliding mode energy release rate II G are nonconvergent with increased mesh refinement, but the total energy release rate is well defined and independent of the crack tip mesh size (i.e. decreasing ).
T G a The individual stress intensity factors for the models with various were computed with the displacement ratio method, using two different reference length parameters ( a r = 2 and 20 in). Note that the relative crack surface displacements for the displacement ratio method are taken at one element away from the crack tip. Figure 5 shows that the individual stress intensity factors computed are nearly constant for crack tip mesh sizes 0.025 in. The stress intensity factor a ≥ II K at = 0.0125 in. is less than those of larger mesh sizes. This may be due to the fact that the oscillatory displacement fields near the crack tip cannot be accurately modeled with the quadratic ABAQUS © CPE8 elements. It is reasonable to hypothesize that the relative crack surface displacements at a location further away from the crack tip may be better predicted by ABAQUS © . To test this hypothesis, the relative crack opening displacements were taken at the location 0.025 in. (two elements) away from the crack tip for computing the stress intensity factors for the model of = 0.0125 in. The stress intensity values of the smallest mesh size model are increased to be in line with those of the larger mesh size models as shown in Fig. 6 . This indicates that mesh-sizeindependent stress intensity factors can be obtained if the relative crack opening displacements are not taken very near the crack tip. indicates that using I G and II G in an interfacial crack failure criterion may be problematic. The individual stress intensity factors for models with various were obtained by the displacement ratio method. Figure 8 shows that the individual stress intensity factors are independent of mesh sizes for 0.025 in. The stress intensity factor a a ≥ II K at = 0.0125 in. is less than those of the larger mesh size models. As discussed for the 0-deg case, the oscillatory displacement fields very near the crack-tip may not be accurately predicted using the ABAQUS © CPE8 elements. Again, by taking the relative crack surface displacements at a distance of 0.025 in. (two elements) away from the crack tip, the values of the stress intensity factors for the smallest mesh size model are nearly the same as those of the larger mesh size models as shown in Fig. 9 . Note that the stress intensity factors for two reference length parameters are shown in Figs. 8 and 9 . Again, Figs. 8 and 9 show that changing the reference length from =2 to =20 in. can result in the changes of the 
Generalized Plane Strain Finite Element Analyses
A generalized plane strain finite element model for the FML shown in Fig. 2 was created and analyzed for studying the effects of varying the fiber angles of the Glass/Epoxy lay-ups on the energy release rates and the stress intensity factors. A modeling technique that can enforce the generalized plane strain deformations in the 1 2 x x − plane is used. The finite element model, created by extruding the mesh pattern in Fig. 3 Fig. 10 were used in the displacement ratio method to obtain the stress intensity factors. Figure 11  plots (9) for predicting the mixed mode delamination failure at the interface between the aluminum part and the Glass/Epoxy part shown in Fig. 2. -0. 
B. FML with Multiple Interfacial Cracks under In-Plane Tension Loading
A CentrAL-like configuration with fractured aluminum layers and multiple delaminations under in-plane tension loading shown in Fig. 12a was analyzed. This configuration is selected to demonstrate that the analysis technique developed here can also be applied to predict the failure of multiple interfacial delaminations in the CentrAL FMLs. Note that all the fiber layers are intact. Figure 12b shows a cross-section of 0.116 in. in length and 0.176 in. in height in the 1 x -2 x plane. The two outer aluminum layers are twice as thick as the internal aluminum layers. The thicknesses of both the aluminum and Glass/Epoxy layers are shown in the figure. Near the cracks in the aluminum layers, short delaminations exist between the aluminum and the Glass/Epoxy layers. This configuration was loaded with a uniform in-plane tension loading that can induce shear deformations at the interfacial crack tips. By exploiting symmetry, a finite element model of the upper right quadrant was created and analyzed. Figure 13 shows the symmetry boundary conditions, u=0 at the left ends of the Glass/Epoxy layers and v=0 at the bottom edge of the model. A uniform displacement, u=0.0015 in. was applied at the right edge. This upper right quadrant contains four delamination cracks and was modeled with ABAQUS 8-node plane strain, CPE8, elements. The strain energy release rates and the stress intensity factors were computed for each delamination crack.
The deformed configuration shown in Fig. 13 reveals that the crack opening displacements are gradually decreasing from the outermost crack, Crack #1, to the innermost crack, Crack #4. This indicates that Crck #1 may have the highest Mode I energy release rate and stress intensity factor. The values of the energy release rates G I , G II American Institute of Aeronautics and Astronautics The Mode-I energy release rate data in Fig. 14 and the I K stress intensity factor data in Fig. 15a both show that the greatest values occur at Crack #1.
The total energy release rates and mode mixity angles for the delamination cracks, obtained by using the two different reference length parameters, are shown in Fig. 16 . These total energy release rates and mode mixity angles can be used with the mixed mode failure criterion, Eq. (9), to determine delamination failure. For the same crack, the mode mixity angle obtained by using one reference length parameter can be quite different from using another reference length parameter as shown in Figs. 15 and 16 . As a result, it is necessary to provide the reference length parameter with the stress intensity factors reported. The user can convert the stress intensity factors to other reference length parameters by using Eq. (2).
Crack #1 Al
American Institute of Aeronautics and Astronautics The discussion in Section III.A.1 notes that the stress intensity factors obtained by the displacement ratio method may be inaccurate if the relative crack surface displacements are taken at a location very near the crack tip. It can be useful to understand the sensitivity between the predicted stress intensity factors and the locations (distances from the crack tip) for taking the relative crack surface displacements. Relative crack surface displacements at four different locations taken from the finite element analysis results were used in the displacement methods to obtain the stress intensity factors. These locations are at 3.125%, 6.25%, 12.55% and 37.5% of the delamination crack length from the crack tip. Note that the delamination crack length in the finite element model is 0.016 in. (see Figs. 12 ). Stress intensity factors computed with these relative crack surface displacements for four different locations are plotted in Fig. 17 . The stress intensity factors and mode mixity angles obtained by using the relative crack surface displacements at the first three locations are similar. Using the relative crack surface displacements at 37.5% of the delamination length, the stress intensity factors are all less than 3% from the previous values. This may indicate that the relative crack surface displacements can be taken at a distance of many elements away from the crack tip, and the computed stress intensity factors are insensitive to the location where the relative crack surface displacements are taken.
IV. Concluding Remarks
A procedure for obtaining stress intensity factors based on the total strain energy release rate, material parameters from anisotropic elasticity, and the near-tip relative crack surface displacement ratios was implemented for calculating the stress intensity factors of interfacial cracks in FMLs. This study showed that mesh-sizeindependent stress intensity factors are obtainable if the relative crack surface displacements are not taken at a location very near the crack tip. By using these stress intensity factors, mesh-size-independent mode mixity angles can be obtained and used with the experimentally determined critical total energy release rate for defining a mixed mode fracture criterion. The stress intensity factors can be obtained very efficiently by the displacement method because its inputs, the total energy release rate and the relative crack surface displacements, can be provided by a single finite element analysis.
Various FML configurations with single or multiple delaminations and different loading conditions were investigated and presented in the paper. This study found that fiber orientations can significantly affect the Mode-I stress intensity factors for a FML configuration with an opening mode loading. For a CentrAL-like configuration with fractured aluminum layers and multiple delaminations, both the I K and II K stress intensity factors have their highest values at the outermost crack and the lowest values at the innermost crack, gradually decreasing the values of stress intensity factors from the outermost crack toward the innermost crack.
This study also found that the selection of reference length can affect the magnitudes and the mode mixity angles of the stress intensity factors; thus, it is important to report the reference length used for calculating the reported stress intensity factors. The last finding is that the relative crack surface displacements can be taken at a distance of many elements away from the crack tip. The stress intensity factors computed by the displacement ratio method are insensitive to the locations where the relative crack surface displacements were taken. 
